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Abstract 

We extend the notions of almost clean, 𝑛-almost clean, and almost semiclean to the 

non-commutative setting. Then, we demonstrate that  under specific conditions that the skew 

generalized power 𝑠eries rings  𝒮[[𝒯, 𝑤]]  is almost right (left) semiclean if and only if 𝒮 is 

almost right (left) semiclean.  
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1. Introduction 

During the entire essay all rings 𝒮 are associative not necessarily commutative with 

identit𝑦. An element that is not left (right) zero-divisor is called right (left) regular [15]. The 

set of left (right) regular elements is denoted by 𝑅𝑒𝑔𝑙(𝒮) (𝑅𝑒𝑔𝑟(𝒮)). An element 𝑎 in 𝒮 is said 

to be 𝑛-potent if 𝑎𝑛 = 𝑎. While an element 𝑎𝜖 𝒮 is called periodic if there exists a least positive 

integer 𝑚  with 𝑎𝑛 = 𝑎𝑚 such that 𝑚 ˂ 𝑛. The set of all periodic elements of 𝒮 is denoted b𝑦 

𝑃𝑒𝑟(𝒮). If each element in a ring 𝒮 is the sum of a unit and an idempotent. 𝑒 (i.e. 𝑒2  = 𝑒 𝜖𝒮), 

the ring is said to be clean.  

The notion of clean rings was initiated by Nicholson in [13]. McGovern defined a 

commutative ring 𝒮 to be almost clean in [11] if every element is the sum of a regular and an 

idempotent. The definition of n-almost clean rings given by the authors in [19] is as follows: 

a commutative ring 𝒮 is said to be 𝑛-almost clean if every element 𝑎 ∈  𝒮 is the s𝑢m of a 

regular and an 𝑛-potent.In [3], Anderson and Nitin characterized a commutative 𝒮 to be 

almost semi𝑐lean if each element is the sum of a regular and a periodic. It is evident that the 
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concept of an almost semi𝑐lean ring generalizes the notion of an almost 𝑐lean. Purkait et al. 

studied noncommutative 𝑚-𝑐lean rings in [14], and they further developed the concept of an 

𝑚-exchange ring 𝒮 where 𝑚-potents lift modulo every ideal of 𝒮.  

The motivation of this paper is twofold: Extending the concepts of almost 𝑐lean, 𝑛-almost 

𝑐lean, and almost semi𝑐lean properties defined for commutative rings to non-commutative 

rings is one of the two driving forces behind this work. The other is to show that under certain 

conditions the 𝑠kew 𝑔eneralized 𝑝ower 𝑠eries 𝑟ings  𝐴 = 𝒮[[𝒯, 𝑤]]  is almost right (left) 

semiclean if and only if 𝒮 is almost right (left) semiclean. Also, we study the transfer of the 

𝑚-𝑐lean property from the ring 𝒮 to the skew generalized power series 𝑟ings  𝐴 = 𝒮[[𝒯, 𝑤]] .   

2. Almost 𝐫ight (𝐥eft) Semi𝒄lean Rings  

In this section we extend the notions of almost 𝑐lean, 𝑛-almost 𝑐lean, and almost 

semi𝑐lean rings to the non-commutative setting. Moreover, provide some examples. 

Definition 2.1. 

 A ring 𝒮 is called almost right (left) 𝑐lean if every element 𝑎 ∈  𝒮  can be written as 

the sum of a right (left) regular element and an idempotent element. 

Definition 2.2. 

A ring 𝒮 is called 𝑚- almost right (left) clean if every element 𝑎 ∈  𝒮 can be written as 

the sum of right (left) regular and 𝑚- potent.  

Definition 2.3. 

A ring 𝒮 is said to be almost right (left) semiclean if every element 𝑎 ∈  𝒮 can be written 

as the sum of a right (left) regular element and a periodic element.  

The following diagram explores the relations between the above-mentioned classes.  

 In [3] Anderson and Bisht introduce examples to show that the above implications are 

irreversible.  
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Definition 2.4.  

  Let 1 < 𝑛 < 𝑚 be integers. 𝐴 ring 𝒮 is called  (𝑚, 𝑛)-indecomposable if for each 

𝑥 ∈ 𝒮,  𝑥𝑚 = 𝑥𝑛    implies that 𝑥 = 0 or 𝑥 = 1. In particular a ring 𝒮 is called indecomposable 

if 𝑖𝑑𝑒𝑚(𝒮) = {0, 1}. 

The following proposition showed that the classes almost right (left) 𝑐lean, 𝑚-almost 

right (left) 𝑐lean, and almost right (left) semi𝑐lean are equivalent if 𝒮 is an (𝑚, 𝑛)-

indecomposable ring. 

Proposition 2.5. 

Let 1 < 𝑛 < 𝑚 be integers. If 𝒮 is an (𝑚, 𝑛)-indecomposable ring. Then the following 

are equivalent: 

(i) 𝒮 is almost right (left) clean.  

(ii) 𝒮 is 𝑚-almost right (left) clean. 

(iii) 𝒮 is almost right (left) semiclean. 

Proof: 

(i) → (ii) → (iii) follows directly 

(iii) → (i) Let 𝒮 be an (𝑚, 𝑛)-indecomposable almost right semi𝑐lean. Then every element in 

𝒮 can be written as 𝑥 = 𝑟 + 𝑓 where 𝑟 ∈ 𝑅𝑒𝑔𝑟(𝒮) and a periodic element 𝑓. Since  𝒮 is 

an (𝑚, 𝑛)-indecomposable, then   𝑓 = 0 or 1, then 𝑓 ∈ 𝐼𝑑 (𝒮). Hence, every element in 𝒮 is 

the sum of right regular element and idempotent element. Therefore,  𝒮 is almost right 𝑐lean. 

The following proposition showed that classes clean, 𝑚-clean, semiclean, and almost right 

(left)       semiclean are equivalent if 𝒮 is a unit regular ring. 

Proposition 2.6. 

Let 𝒮 be a unit regular ring then the following are equivalent: 

(i) 𝒮 is clean. 

(ii) 𝒮 is 𝑚-clean. 

(iii) 𝒮 is semiclean. 

(iv) 𝒮 is almost right (left) semiclean. 

Proof: 

(i) → (ii) → (iii) → (iv) Trivial. 

(iv)→ (i). Let 𝒮 be a unit regular almost right (left) semi𝑐lean. Then 𝒮 is clean [7, Theorem 5]. 

The following example shows that almost semiclean property is not right and left symmetric. 

Example 2.7.  

Let 𝒮 be a ring of characteristic 2 consisting of the four elements {0, 𝑎, 𝑏, 𝑎 + 𝑏} where 

multiplication is defined by 𝑎2 =  𝑎𝑏 =  𝑎 and  𝑏2  =  𝑏𝑎 =  𝑏. 𝑃𝑒𝑟(𝒮) = {𝑓 ∈  𝒮 | 𝑓3 =

 𝑓2}  =  {0, 𝑎, 𝑏}.  Hence the set of 𝑟ight regular elements is empty. Consequently, we cannot 
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write all elements of 𝒮 as a sum of a 𝑟ight regular element and a periodic element. So, 𝒮 is not 

almost 𝑟ight semi𝑐lean ring, whereas 𝑅𝑒𝑔𝑙(𝒮) =  {𝑎, 𝑏} . Hence each 𝑥 ∈  𝒮 can be written in 

the form 𝑥 =  𝑟 +  𝑓  where  𝑟 ∈  𝑅𝑒𝑔𝑙(𝒮) and 𝑓3  =  𝑓2 . Therefore, 𝒮 is almost 𝑙eft 

semi𝑐lean ring which is not almost right semiclean. 

3. Some properties of almost 𝒓ight (𝒍eft) semi𝒄lean rings 

Remark 3.1.  

While the homomorphic image of a semi𝑐lean ring is semi𝑐lean [20, Proposition 2.1], 

neither a homomorphic image nor a subring of an almost right (left) semi𝑐lean ring is an almost 

right (left) semi𝑐lean ring respectively [3, Example 3.1 and Example 3.3]. 

Proposition 3.2. 

1. The direct product 𝒮 = Π𝛼∈𝐼𝒮𝛼   of rings 𝒮𝛼   is an almost right (left) semi𝑐lean ring if and 

only if each 𝒮𝛼 is almost right (left) semi𝑐lean. 

2. The direct product 𝒮 = Π𝛼∈𝐼𝒮𝛼   of rings 𝒮𝛼 is an almost right (left) clean (𝑚-almost right 

(left) 𝑐lean) if and only if each 𝒮𝛼 is almost right (left) 𝑐lean (𝑚-almost right (left) clean). 

Proof: 

1. Suppose that 𝒮 = Π𝛼∈𝐼𝒮𝛼 is an almost right semi𝑐lean. Let the element (0, ..., a , 0, …,0) 

∈ Πα∈I𝒮𝛼 where  𝑎 ∈ 𝒮𝛽 and 𝛽 ∈ 𝐼.Thus can  be written as (0,..., a ,0, …,0)= (𝑟𝛼)𝛼 + (𝑥𝛼)𝛼 

with (𝑟𝛼)𝛼 ∈ 𝑅𝑒𝑔𝑟(𝒮) and  (𝑥𝛼)𝛼
𝑚 = (𝑥𝛼)𝛼

𝑛 . Since 𝑅𝑒𝑔𝑟(𝒮) = ∏ 𝑅𝑒𝑔𝑟(𝒮𝛼).  𝑟𝛼 ∈ 𝑅𝑒𝑔𝑟(𝒮𝛼) 

for each 𝛼 and 𝑥𝛼
𝑚 = 𝑥𝛼

𝑛.Therefore 𝑎 = 𝑟𝛽 + 𝑥𝛽 where 𝑟𝛽 ∈ 𝑅𝑒𝑔𝑟(𝒮𝛽) and 𝑥𝛽
𝑚 = 𝑥𝛽

𝑛, 

consequently 𝒮𝛽 is almost 𝑟ight semi𝑐lean ring. 

Conversely, assuming that each 𝒮𝑎 is almost 𝑟ight semi𝑐lean. Let 𝑦 = (𝑦𝛼)𝛼∈𝐼 ∈

Π𝛼∈𝐼𝒮𝛼.Hence 𝑦𝛼 = 𝑟𝛼 + 𝑥𝛼  for each 𝛼 ∈ 𝐼, where  𝑟𝛼 ∈ 𝑅𝑒𝑔𝑟(𝒮𝛼) and  𝑥𝛼
𝑚 = 𝑥𝛼

𝑛.Then  𝑦 =

(𝑟𝛼)𝛼∈𝐼 + (𝑥𝛼)𝛼∈𝐼 where (𝑟𝛼)𝛼∈𝐼 ∈ 𝑅𝑒𝑔𝑟(Π𝛼∈𝐼𝒮𝛼  ) and (𝑥𝛼)𝛼∈𝐼
𝑚  = (𝑥𝛼)𝛼∈𝐼

𝑛 . So (Π𝛼∈𝐼𝒮𝛼  ) is 

an almost 𝑟ight semi𝑐lean. 

2. Similar to (1). 

Lemma 3.3. 

Every 𝑚-exchange ring is almost right (left) semi𝑐lean. 

Proof: 

Since every 𝑚-exchange ring is 𝑚-potent [14, lemma 2.13], and every 𝑚-potent ring is 𝑚-

𝑐lean [14, lemma 2.2]. Hence,𝒮 is almost semi𝑐lean. 

It has been proved in [20, Theorem 4.1] that if 𝑒 is an idempotent element in a ring 𝒮 such that 

𝑒𝒮𝑒 and (1 −  𝑒)𝒮(1 −  𝑒) are both semi𝑐lean subrings then 𝒮 is semi𝑐lean. 
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 The following example shows that a ring 𝒮 is not almost semi𝑐lean even if 𝜌𝑚−𝑛 𝒮 𝜌𝑚−𝑛 and 

(1-𝜌𝑚−𝑛 ) 𝒮 (1-𝜌𝑚−𝑛 ) are almost semi𝑐lean where 𝜌 be a periodic element in 𝒮. 

Example 3.4. 

Let 𝒮 = 𝒵15 = {0̅, 1̅, 2̅, 3̅, 4̅, 5̅, 6̅, 7̅, 8̅, 9̅, 10̅̅̅̅ , 11̅̅̅̅ , 12̅̅̅̅ , 13̅̅̅̅ , 14̅̅̅̅ }.Then, 𝑃𝑒𝑟 (𝒮) = {𝑓2 = 𝑓3: 

𝑓 ∈  𝒮} = {0̅, 1̅, 6̅, 10̅̅̅̅ , }and   𝑅𝑒𝑔 (𝒮) = {1̅, 2̅, 4̅, 7̅, 8̅, 11̅̅̅̅ , 13̅̅̅̅ , 14̅̅̅̅ }. Hence, 6̅ can not written as a 

sum of periodic element and a regular element. Consequently, 𝒮 is not almost semi𝑐lean ring. 

Since, 𝜌 = 6̅ is a periodic element, it can be easily shown that 𝜌 𝒮𝜌 = {  𝜌 𝑟 𝜌  :  ∈  𝒮 } = { 6̅ 

𝑟 6̅: 𝑟 ∈  𝒮 } = {0̅, 3̅, 6̅, 9̅, 12̅̅̅̅ , }, where 𝑅𝑒𝑔 (𝜌 𝒮 𝜌   ) = {3̅, 6̅, 9̅, 12̅̅̅̅ , } and 𝑃𝑒𝑟 (𝜌 𝒮 𝜌 ) = {0̅, 6̅} 

then every element in the subring 𝜌 𝒮 𝜌 can be written as a sum of periodic element in  𝜌 𝒮 𝜌 

and a regular element in 𝜌 𝒮 𝜌. Therefore, 𝜌 𝒮 𝜌 is almost semi𝑐lean. 

Also, (1 −  𝜌) 𝒮 (1 − 𝜌 ) = {-5̅ 𝑟 -5̅: 𝑟 ∈  𝒮} ={0̅, 5̅, 10̅̅̅̅ }, where 𝑅𝑒𝑔( ( 1 − 𝜌) 𝒮 ( 1 −

𝜌 ))  =  {5̅, 10̅̅̅̅ } and 𝑝𝑒𝑟 (( 1 − 𝜌) 𝒮 ( 1 − 𝜌 )) = {0̅, 10̅̅̅̅ }. Then every element in the subring 

(1 −  𝜌) 𝒮 (1 − 𝜌 ) can be written as a sum of periodic element in (1 −  𝜌) 𝒮 (1 − 𝜌 ) and 

regular element in (1 −  𝜌) 𝒮 (1 −  𝜌 ) . Then  (1 −  𝜌) 𝒮 (1 − 𝜌 ) is almost semi𝑐lean. 

4. Skew 𝐆eneralized Power Series Over Almost Right (Left) Semiclean Rings   

Skew Generalized Power Series  

Let (𝒯, . , ≤) be a strictly ordered monoid, 𝒮 a ring, 𝑤:𝒯 → 𝐸𝑛𝑑(𝒮) a monoid 

homomorphism and 𝑤𝑠= 𝑤(𝑠) denotes the image of 𝑠 𝜖 𝑆 under the action of 𝑤 for any 𝑠𝜖 𝒯. 

The set A of all maps 𝑓: 𝒯 →  𝒮 such that 𝑠𝑢𝑝𝑝 (𝑓)={𝑠 𝜖 𝒯 |𝑓(𝑠) ≠ 0} is artinian and 𝑛arrow 

subset of  𝒯, with point-wise addition and a product operation known as convolution that is 

described by (𝑓𝑔) = ∑ 𝑓(𝑢)𝑤𝑢 (𝑔(𝑣))(𝑢,𝑣)∈𝑋𝑠(𝑓,𝑔)    for each 𝑓, 𝑔 ∈  𝐴 , where  

                        𝑋𝑠(𝑓, 𝑔) = { (𝑢, 𝑣) ∈ 𝒯 × 𝒯 |𝑢𝑣 = 𝑠, 𝑓(𝑢), 𝑎𝑛𝑑𝑔(𝑣) ≠ 0} is finite. 

With coefficients in 𝒮 and exponents in S, 𝐴 = 𝒮[[𝒯, 𝑤]] thus becomes a ring known 

as skew 𝑔eneralized power series, with the identity map e: 𝒯 → 𝑅 defined by 𝑒1(1) =1 and 𝑒1 

(s)= 0 for each 1 ≠ 𝑠  ∈  𝒯. The mapping es ∈ 𝐴 defined by es(s) = 1 and es(t) = 0 for each 𝑡 ≠

 𝑠 is an embedding of 𝒯 into the monoid  (𝐴, . ). Also, 𝒮 is canonically embedded as a subring 

of 𝐴 via r→ cr such that cr(1) = r and cr(s) = 0 for each 1 ≠ 𝑠  ∈  𝑆. So, we can identify 𝑟 ∈ 𝒮 

with cr ∈ 𝐴. Let 𝜋 (𝑓) denote the set of all minimal elements of 𝑠𝑢𝑝𝑝(𝑓). If (𝒯, ≤) is totally 

ordered, then 𝜋 (𝑓) consists of only one element. To know more about the composition of  𝐴 =

 𝒮[[𝒯, 𝑤]]see [16],[17],[18],[1].  

 Remark 4.1 ([10]). 

An ordered monoid 𝒯 is said to be totally orderable if (𝒯, ≤) is an ordered monoid for 

some total order ≤. An ordered monoid (𝒯, ≤) is said to be quasitotally ordered, where  ≤ is a 



 

Dina Abdelhakim et al.                                                               J. Sci. Res. Sci.,2024,41,(1),1:12 

- 6 - 
 

quasitotal order on 𝒯 if  ≤ can be refined to an order ≼ with respect to which 𝒯 is a 

strictly,totally ordered monoid. 

Proposition 4.2. 

Let be a ring, (𝒯, ≤) a quasitotally ordered monoid, 𝑤: 𝒯 →  𝐸𝑛𝑑 (𝒮) a monoid 

homomorphism, and  𝑤𝑠 compatible for every 𝑠 ∈  𝒯. Assume that for every  𝑓 ∈ 𝒮[[𝒯, 𝑤]], 

there exists 𝑠𝑜∈𝑠𝑢𝑝𝑝(𝑓) . If 𝑓(𝑠𝑜) is right (left) regular, then 𝑓 is right (left) regular. 

Proof: 

Since  (𝒯, . , ≤)  is a quasitotally ordered monoid,then by hypothesis, the order (𝒯, ≤) can be 

refined to a strict total order ≼ on 𝒯. For every  𝑓 ∈ 𝒮[[𝒯, 𝑤]], there exists a unique minimal 

element of 𝑠𝑢𝑝𝑝(𝑓) with respect to the total order ≼, which will be denoted by  𝜋≼(𝑓) =

{𝑠𝑜}. 

Suppose that 𝑓(𝑠𝑜)  is 𝑟ight regular in 𝑅 and there exist 0 ≠ 𝑔 ∈  𝒮[[𝒯, 𝑤]] such that 𝑓 𝑔 = 0 

.Let 𝜋≼(𝑔) = {𝑡𝑜}.For any (𝑢, 𝑣) ∈ 𝑋𝑠∘𝑡∘
(𝑓, 𝑔), 𝑠∘ ≼ 𝑢 , 𝑡∘ ≼ 𝑣. If  𝑠∘ ≺ 𝑢, since ≼ is a strict 

order, 𝑠∘𝑡∘ ≺ 𝑢𝑡∘ ≼ 𝑢𝑣 = 𝑠∘𝑡∘, a contradiction. Thus 𝑢 = 𝑠∘. Similarly 𝑣 = 𝑡∘. 

Hence:𝑓𝑔(𝑠∘𝑡∘) = ∑ 𝑓(𝑢)𝑤𝑢(𝑓(𝑣))(𝑢,𝑣)∈𝑋𝑠∘𝑡∘
(𝑓,𝑔)  = 𝑓(𝑠∘)𝑤𝑠∘

(𝑔(𝑡∘)) = 0. 

Using([12], lemma 3.1), it follows that  𝑓(𝑠𝑜)𝑔(𝑡𝑜) = 0  which, contradicts the fact that 𝑓(𝑠𝑜) 

is a right regular element in  𝑅. Therefore 𝑔(𝑡𝑜) = 0 which contradicts the fact that 𝜋≼(𝑔) =

{𝑡𝑜} and 0 ≠ 𝑔  .Hence, 𝑓  is a 𝑟ight regular element in 𝒮[[𝒯, 𝑤]]. 

The converse of Proposition 4.2 is not true, for example. 

Example 4.3. 

Let 𝐴 = Ζ4[𝑥] and 0 ≠ 𝑓 = 2 + 𝑥 ∈ 𝐴 .Then it can easily show that 𝑓 is a regular 

element in 𝐴 while 𝑓(1) is a zero divisor. 

Theorem 4.4.  

Let  𝒮 be a ring,(𝒯, ≤)  a quasitotally ordered monoid, 𝑤: 𝒯 →  𝐸𝑛𝑑(𝒮) a monoid 

homomorphism, and  𝑤𝑠 compatible for every 𝑠 ∈  𝒯. Then 𝐴 =  𝒮[[𝒯, 𝑤]] is almost right 

(left) semi𝑐lean if and only if 𝒮 is almost right (left) semi𝑐lean. 

Proof: 

Since  (𝒯, ≤)  is a quasitotally ordered monoid, then by hypothesis, for every 𝑓 ∈ 𝒮[[𝒯, 𝑤]], 

there exists a unique minimal element of 𝑠𝑢𝑝𝑝(𝑓) with respect to the  total order  ≼, which 

will be denoted by  𝜋≼(𝑓) = {𝑠𝑜}. Let 𝑓 ∈ 𝐴  such that 𝜋(𝑓) = 𝑠𝑜  , 𝑓(𝑠𝑜) =  𝑎 ∈ 𝒮. Since 𝒮 

is almost 𝑟ight semi𝑐lean, then 𝑎 =  𝑟 + 𝑏  where, 𝑟 is right regular and b is a periodic 

element.                                                             

Let 𝑔 = 𝑓 − 𝑐𝑏𝑒𝑠𝑜
. Then 𝑔(𝑠𝑜) = (𝑓 − 𝑐𝑏𝑒𝑠𝑜

)(𝑠𝑜) = 𝑓(𝑠𝑜) − 𝑐𝑏𝑒𝑠𝑜
(𝑠𝑜) 

Since 𝑋𝑠𝑜
(𝑐𝑏𝑒𝑠) = {(𝑥, 𝑦) ∈ 𝑆𝑢𝑝𝑝(𝑐𝑏) • 𝑠𝑢𝑝𝑝(𝑒𝑠), : 𝑠𝑜 = 𝑥𝑦} = {(𝑠𝑜, 1)} 
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Thus 𝑐𝑏𝑒𝑠(𝑠𝑜) = ∑ 𝑐𝑏(𝑥)𝑤𝑥𝑒𝑠(𝑦)(𝑥,𝑦)∈𝑥𝑠𝑜
  = 𝑐𝑏(1)𝑤1 (𝑒𝑠𝑜

(𝑠𝑜)) = 𝑏 𝑤1(1) =  𝑔(𝑠𝑜) 

= 𝑓(𝑠𝑜) − 𝑐𝑏𝑒𝑠𝑜
(𝑠𝑜) =  𝑓(𝑠𝑜)–  𝑏   =  𝑎 − 𝑏 =  𝑟 + 𝑏 − 𝑏 =  𝑟 .  Using Proposition 4.2, it 

follows that 𝑔 is 𝑟ight regular in 𝐴. Since 𝑏𝑚  = 𝑏𝑛, (𝑐𝑏𝑒𝑠𝑜
)

𝑚
(𝑠𝑜

𝑚) = 

(𝑐𝑏𝑒𝑠𝑜
)(𝑐𝑏𝑒𝑠𝑜

) … (𝑐𝑏𝑒𝑠𝑜
)

m−times
(𝑠𝑜. 𝑠𝑜 . . 𝑠𝑜)m−times =

(𝑐𝑏𝑒𝑠𝑜
)(𝑠𝑜)(𝑐𝑏𝑒𝑠𝑜

)(𝑠𝑜) … (𝑐𝑏𝑒𝑠𝑜
)(𝑠𝑜)  = 𝑐𝑏(1)𝑤1 (𝑒𝑠𝑜

(𝑠𝑜)) . . . 𝑐𝑏(1)𝑤1 (𝑒𝑠𝑜
(𝑠𝑜))     =

𝑏. 𝑏 … . 𝑏 = 𝑏𝑚, (𝑐𝑏𝑒𝑠𝑜
)

𝑛
(𝑠𝑜

𝑛) = (𝑐𝑏𝑒𝑠𝑜
) … (𝑐𝑏𝑒𝑠𝑜

)
n−times

(𝑠𝑜 . 𝑠𝑜 . … . 𝑠𝑜)n−times 

=(𝑐𝑏𝑒𝑠𝑜
)(𝑠𝑜)(𝑐𝑏𝑒𝑠𝑜

 )(𝑠𝑜) … (𝑐𝑏𝑒𝑠𝑜
)(𝑠𝑜) = 𝑐𝑏(1)𝑤1 (𝑒𝑠𝑜

(𝑠𝑜)) … 𝑐𝑏(1)𝑤1 (𝑒𝑠𝑜
(𝑠𝑜)) = 𝑏 … 𝑏 =

𝑏𝑛. Then (𝑐𝑏𝑒𝑠𝑜
)

𝑚
= (𝑐𝑏𝑒𝑠𝑜

)
𝑛

. Thus 𝑐𝑏𝑒𝑠𝑜
 is a periodic element in 𝐴. Consequently, 𝐴 is 

almost 𝑟ight semi𝑐lean. 

Conversely, let 𝑎 ∈ 𝒮 then 𝑐𝑎 ∈ 𝐴 such that  𝑐𝑎 = 𝑓 + 𝑔 where 𝑓 is right regular and  𝑔 is a 

periodic element in A.  𝑐𝑎(1) = (𝑓 + 𝑔)(1)  = 𝑓(1) + 𝑔(1), then  𝑎 = 𝑓(1) +

𝑔(1) for each 𝑎 ∈ 𝒮 . Since  f  is right regular. Then  𝑓𝑐𝑎 ≠ 0. 𝑓(1)𝑤1(𝑐𝑎(1)) ≠ 0, 

then 𝑓(1)𝑎 ≠ 0. Thus 𝑓(1) is a 𝑟ight regular in 𝒮. Since, 𝑔 is periodic, 𝑔𝑚 = 𝑔𝑛   such 

that  1 < 𝑚 < 𝑛. 𝑔 ∙ 𝑔 … 𝑔 (𝑛 −times) = 𝑔 ∙ 𝑔 … 𝑔 (𝑚 −times),   𝑔 ∙ 𝑔 … 𝑔(1) = 𝑔 ∙

𝑔 … 𝑔(1) 𝑔(1)𝑤1(𝑔(1))𝑤1(𝑔(1)) … (𝑔(1)) = 𝑔(1)𝑤1(𝑔(1)) … Then (𝑔(1))𝑚 = (𝑔(1))𝑛. 

Thus 𝑔(1) is a periodic element in 𝒮. Hence, 𝑎 is almost right semi𝑐lean and 𝒮 is almost right 

semi𝑐lean. 

Corollary 4.5. 

Let 𝒮 be a ring, (𝒯, . , ≤) a quasitotally ordered monoid. Assume that for every 𝑓 ∈

𝒮[[𝒯, ≤]], there exists 𝑠𝑜 ∈ 𝑠𝑢𝑝𝑝(𝑓) . If 𝑓(𝑠𝑜) is right (left) regular, then 𝑓 is  right (left) 

regular. 

Proof: 

Follows directly from Proposition 4.2 if 𝑤 is the identity endomorphism for each  𝑠 ∈ 𝑆 . 

Using the same technique used in the proof of Theorem 4.4 we can deduce the following result: 

Theorem 4.6. 

Let  𝒮 be a ring, (𝒯, ≤)  is a quasitotally ordered monoid, 𝑤: 𝒯 →  𝐸𝑛𝑑(𝒮) a monoid 

homomorphism, and 𝑤𝑠 be compatible for every 𝑠 ∈ 𝒯. Then 𝐴 =  𝒮[[𝒯, 𝑤]] is almost right 

(left) 𝑐lean (resp., 𝑚-almost right (left) 𝑐lean ) if and only if 𝒮 is almost right (left) 𝑐lean 

(resp., 𝑚-almost right (left) 𝑐lean ). 

If we suppose that  𝑤𝑠 is the identity endomorphism for each 𝑠 ∈ 𝒯 in Proposition 4.2 and 

Theorem 4.6 respectively it can be easily shown the following Corollary.  
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Corollary 4.7. 

Suppose that 𝒮  is a ring,(𝒯, ≤)  is a quasitotally ordered monoid. Then, the 

generalized power series ring  𝒮[[𝒯, ≤]] is almost right (left) semiclean (resp., 𝑚-almost 

right (left) clean, almost right (left) clean ) if and only if 𝒮 is almost right (left) semi𝑐lean 

(resp., 𝑚-almost right (left) clean, almost right (left) clean ). 

Proof: 

Clear. 

If we take  𝒯 = ℕ ∪ {0} with usual addition, usual order, and 𝑤𝑠 is the identity for each 𝑠 ∈

𝒯 we can deduce the following:  

Corollary 4.8. 

Suppose that 𝒮 is a ring. Then, 𝒮[[𝑥]] is almost right (left) semi𝑐lean (resp., 𝑚-almost 

right (left) clean, almost right (left) 𝑐lean) if and only if 𝑅 is almost right (left) semi𝑐lean 

(resp., 𝑚-almost right (left) clean, almost right (left) clean).  

Proof: 

Follows directly from Theorem 4.4 and Theorem 4.6. 

Now, if we take  𝒯 = ℕ ∪ {0} with usual addition, trivial ≤, and 𝑤𝑠 is the identity 

endomorphism for each ∈ 𝒯 , The following conclusions can be drawn: 

Corollary 4.9. ([3], Proposition 3.7) 

The polynomial ring 𝒮[𝑥] is almost 𝑟ight (𝑙eft) 𝑐lean semiclean (resp., 𝑚-almost 𝑟ight 

(𝑙eft) 𝑐lean, almost right (left) clean) ring if and only if 𝒮 is almost 𝑟ight (𝑙eft) 𝑐lean 

semi𝑐lean (resp., 𝑚-almost right (left) clean, almost right (left) clean). 

5. Skew Generalized Power Series over 𝒎-clean rings  

This section covers our study of some ring extensions o𝑣er 𝑚-𝑐lean rings. 

Definition 5.1 ([14], 2.1) 

Let 𝑚 ≥ 2 be a positive integer. An element 𝑥 of a ring 𝒮 is said to be 𝑚-𝑐lean if 𝑥 can 

be written as  𝑥 =  𝑢 + 𝑓 , where u is a unit and 𝑓 is an 𝑚-𝑝otent element of 𝑅(i. e.  𝑓𝑚 = 𝑓) . 

𝒮 is said to be 𝑚-𝑐lean if every element of 𝒮 is 𝑚-clean. 

Proposition 5.2. 

Let 𝑚 ≥ 2 be an integer. Then 

1. An 𝑚-clean ring is its homomorphic image. 

2. A 𝑑irect product of rings 𝒮 = ∏ 𝒮𝛼∈𝐼  is an 𝑚-𝑐lean if and only if each 𝒮𝛼 is 𝑚-𝑐lean. 
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Proof: 

1. Since every element in the ring can be written as the sum of unit and m-potent. So, it is 

simple to demonstrate that a homomorphic image of an element, such as 𝑥𝑚 = 𝑥, fulfills the 

same condition. A homomorphic image of a unit element is also unit. 

 2. (→) Follows from (1).  

(←). Suppose that each 𝒮𝛼is an  𝑚-clean. Let 𝑦 = (𝑦𝛼)𝛼∈𝐼  ∈  ∏ 𝒮𝛼∈𝐼  .Hence 𝑦𝛼 = 𝑢𝛼  + 𝑥𝛼  

for each 𝛼 ∈ 𝐼 where  𝑢𝛼 ∈ 𝑈(𝒮𝛼)  and 𝑥𝛼
𝑚 =  𝑥𝛼 .Then 𝑦 = (𝑢𝛼)𝛼∈𝐼 +  (𝑥𝛼)𝛼∈𝐼 where 

(𝑢𝛼)𝛼∈𝐼 ∈  𝑈(∏ 𝒮𝛼∈𝐼) and (𝑥𝛼)𝛼∈𝐼
𝑚  = (𝑥𝛼)𝛼∈𝐼. So (∏ 𝒮𝛼) is a  𝑚- 𝑐lean ring. 

Theorem 5.3. 

Let 𝒮 be a ring, (𝒯, ≤) a quasitotally ordered monoid,  𝑤: 𝒯 →  𝐸𝑛𝑑 (𝒮) a monoid 

homomorphism, and 𝑤𝑠 be compatible for every 𝑠 ∈  𝒯.Assume that for every  𝑓 ∈ 𝐴  there 

exists 𝑠0 ∈ 𝑠𝑢𝑝𝑝(𝑓). If  𝑠0 ∈ 𝑈(𝒯) and 𝒮 is 𝑚-clean ring, then 𝐴 is 𝑚-clean ring.  

Proof: 

Since  (𝒯, . , ≤)  is a quasitotally ordered monoid, then by hypothesis, for every 𝑓 ∈ 𝐴 there 

exists a unique minimal element of 𝑠𝑢𝑝𝑝(𝑓) with respect to the total order ≼, which will be 

denoted by   𝜋≼(𝑓) = {𝑠𝑜}. Let s0 ∈ 𝑈(𝒯)  and 𝑓(s0) = 𝑎 ∈ 𝒮, since 𝒮  is 𝑚-clean, then =

 𝑢 + ℎ , where u is unit in 𝒮 and h is 𝑚-potent (i.e., ℎ𝑚 = ℎ). Let 𝑔 = 𝑓 − 𝑐ℎ𝑒𝑠0
. Then 𝑔(𝑠0) =

(𝑓 − 𝑐ℎ𝑒𝑠0
)(𝑠0) = 𝑓(𝑠0) − 𝑐ℎ𝑒𝑠0

(𝑠0). Since, 𝑐ℎ𝑒𝑠𝑜
(𝑠0) = ∑ 𝑐ℎ(𝑥)𝑤𝑥𝑒𝑠𝑜

(𝑦)(𝑥,𝑦)∈𝑋𝑠0
  =

𝑐ℎ(1)𝑤1 (𝑒𝑠𝑜
(𝑠0))  = ℎ 𝑤0(1) = ℎ, then 𝑔(𝑠0) = 𝑓(𝑠0) − 𝑐ℎ𝑒𝑠𝑜

(𝑠0)   = 𝑎 − ℎ = 𝑢 + ℎ −

ℎ = 𝑢. Since, s0 ∈ 𝑈(𝑆) and 𝑔(𝑠0) = 𝑢 ∈ 𝑈(𝒮) . Then from ([8], 2.2),  𝑔 is a unit in 𝐴. 

(𝑐ℎ𝑒𝑠𝑜
)

𝑚
(𝑠𝑜

𝑚) = (𝑐ℎ𝑒𝑠𝑜
)(𝑐ℎ𝑒𝑠𝑜

) … (𝑐ℎ𝑒𝑠𝑜
)

m−times
(𝑠𝑜. 𝑠𝑜 . . 𝑠𝑜)m−times 

 = (𝑐ℎ𝑒𝑠𝑜
)(𝑠𝑜)(𝑐ℎ𝑒𝑠𝑜

)(𝑠𝑜) … (𝑐ℎ𝑒𝑠𝑜
)(𝑠𝑜)  = 𝑐ℎ(1)𝑤1 (𝑒𝑠𝑜

(𝑠𝑜)) . . . 𝑐ℎ(1)𝑤1 (𝑒𝑠𝑜
(𝑠𝑜))  

= ℎ. ℎ … . ℎ = ℎ𝑚, (𝑐ℎ𝑒𝑠0
)(𝑠0) = 𝑐ℎ(1) 𝑤1 (𝑒𝑠𝑜

(𝑠0)) = ℎ. Then (𝑐ℎ𝑒𝑠𝑜
)

𝑚
= (𝑐ℎ𝑒𝑠𝑜

). Thus 

𝑐ℎ𝑒𝑠𝑜
 is 𝑚-potent in A. Consequently, A is 𝑚-clean. 

Following the same procedure used in Corollary 4.8 we get: 

Corollary 5.4. 

Let 𝒮 be a ring, (𝒯, ≤) a quasitotally ordered monoid. Assume that for every  𝑓 ∈

𝒮[[𝒯, ≤]] ,  there exists 𝑠0 ∈ 𝑠𝑢𝑝𝑝(𝑓) .If  𝑠0 ∈ 𝑈(𝒯) and 𝒮 is 𝑚-𝑐lean, then 𝒮[[𝒯, ≤]]  is 𝑚-

clean.  

Proof: 

Follows easy using Theorem 5.3.  
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6. Conclusion: 

In this paper we study the concepts of almost clean, n-almost clean, and almost 

semiclean in non-commutative rings. Then ,we proved that under specific conditions that the 

skew generalized power series rings 𝒮[[𝒯, ≤]]is almost right ( left ) semiclean if and only if 𝒮 

is almost right ( left ) semiclean. Also, we proved that the m-clean property transfer from the 

ring 𝒮 to the skew generalized power series rings 𝒮[[𝒯, ≤]]. 
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 الملخص العربي

 شبه نظيفة  تقريبا يمني ) يسري(ال حلقات متسلسلة القوي المعممة المتخالفة

 3د. سارة كمال الدين ،2أ.د. رفعت محمد سالم، * ،1دينا عبدالحكيم فرغلي هلال 

 جامعة عين شمس،  كلية البنات، معيدة بقسم الرياضيات 1
 جامعة الأزهر ،كلية العلوم  ،استاذ الرياضات البحته 2
 جامعة الأزهر ) بنات (  ،كلية العلوم ، مدرس الرياضيات البحته 3

 الملخص العربي: 

نظيفة تقريبا وشبه نظيفة تقريبا إلى الحلقات الغير ابدالية. بعد ذلك، أثبتنا    n-نظيفة تقريبا ,  نقوم بعمل أمتداد لمفاهيم  

,𝒮[[𝒯أنه تحت شروط محددة  أن حلقات متسلسلة القوي المعممة المتخالفة   𝑤]]        )تكون شبه نظيفة  تقريبا يمني ) يسري

 شبه نظيفة تقريبا يمني )يسري(.  𝒮إذا و فقط اذا كانت 

 

 


